A linked cluster expansion for a system of Ising spins is rearranged into a form suitable for studying the phase transition of the system. A function I(q) analogous to proper selfenergy part in quantum theory is introduced and shown to play an important role to determine both the transition temperature and the singularity of thermodynamic functions at the transition point. The case above the transition temperature and without magnetic field is considered, and it is proved that diagrams for I(q) dominant near the transition point have precisely the same structure as in the system of Bose fluid. Thus the method developed by Patashinsky and Pokrovsky for the latter case is taken over to the present problem and leads to a logarithmic singularity of specific heat.
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~ L Introduction
Recently Patashinsky and Pokrovsky 1 l (to be referred to as PP) discussed the phase transition in a Bose fluid and showed that the specific heat at a constant pressure has a logarithmic singularity at the transition point. Although their method is quite complicated, their conclusion is rather simple ; the energy spectrum of quasiparticle near the transition point is proportional to q 3 1 2 , q being its momentum. On the other hand, in a system of Ising spins, a logarithmic behavior of specific heat was derived rigorously by Onsager 2 l in a two-dimensional case and a similar behavior is also expected in a three-dimensional system. a) Since the methods for dealing with the former case are not easily applicable to the latter, it would be of some interest to study a three-dimensional problem along the line of PP.
The purpose of this paper is to study the phase transition in a system of Ising spins on the basis of linked cluster expansion. In ~ 2 we give a brief review of the expansion derived by Horwitz and Callen, 4 l and by Englert. We restrict ourselves to the case above the transition temperature and without external magnetic field. The structure of diagrams for the pair correlation function is analyzed and a function I(q) corresponding to proper self-energy part in quantum statistical mechanics is introduced. The function I (q) plays an important role m our theory; I(O) determines the transition temperature, and the dependence of </J(q) =I In § 4 the method is extended to the case near and above the transition point and the most important diagrams are shown to have precisely the same structure as in the system of Bose fluid. T'his situation enables us to apply the method of PP to the present problem. In particular, the temperature dependence of I(q) is studied by the use of Ward identity.
We proceed in § 5 to discuss the singularity of specific heat C and show that C'oc -In (T-Tc) in the limit T-> Tc + 0. It is also discussed how the proportionality constant is determined. § 2. :Linked cluster expansion and its rearrangement
We consider a three-dimensional crystal composed of N lattice points, each occupied by an Ising spin j). taking values ± 1. The hamiltonian of the system in a magnetic field is written as
where II is the external magnetic field in suitable units and -Jif is the exchange interaction between the i-th and the j-th spins. We are interested in evaluating the canonical ensemble average <Ov) defined by < Op) = tr (Op e-13 ctJC) /tr (e-13 3i'), (2 · 2) where (3 = (/<T) -I, !? being the Boltz1nann constant, T the absolute temperature. For our purpose, OP is taken as a product of j> spin operators. T'hermal or magnetic properties of the system are described by <Or)); <Ol) yields the magnetization, < 02) the internal energy, and so on. Fig. 1 .
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For the fourth diagram, a factor 1/2 appears because of its 1nvanance for the interchange of two lines.
A few diagrams for <ttittJ>· On the right, the contributions of these diagrams are shown.
The quantity mn is defined by
where < )o means a canonical ensemble average for the hamiltonian !f{o = -1-]~fl-t.
More explicitly, for the present case, we have
with R given by R = th {31-I. For example, nz
If there is no magnetic field, it is clear from Eq. (2 · 4) that mn = 0 for odd n.
This means that the number of lines arriving at a point in a diagram should be even. A few tern1s of llln in this case are: m2 = 1, m 4 = -2, m6 = 16, ms = -272, ···. Let us now restrict ourselves to the case without magnetic field and above the transition point and rearrange the linked duster expansion into a form suitable for the discussion of phase transition. We are going to proceed by taking several steps.
First, we note that in diagrams for the linked cluster expansion there may appear a reducible part at some point k (see Fig. 2 ). As was shown by Englert, 5 ) it is possible to sum up the contribution of these reducible parts, and it leads A reducible part at some point k.
to a renormalization of cumulant llln. We denote the renormalized cumulant by Mn. Hereafter, we assume that this renormalization is already done, so that we associate Mn to a point of n-th order, taking account of only diagrams without reducible parts. Note that Mn is generally a function of temperature in contrary to 17ln.
Next, we consider the structure of diagrams for (!liJ!. 1 ). (\Ve assume i=l=j.) If the part connected to the point i is unlinked to the point j in them, e.g. as in the third one in Fig. 1 , the contribution of all these diagrams is given by Mt Since we are dealing with the case without spontaneous magnetization, the above contribution amounts to zero. Thus a diagram for (JLJt 1 ) should have a structure in which the lines starting from_ the point i are connected in some way to the point j. Then one may find a line having the following property: If one cuts it, the diagram is split into two parts, the one including the point i, the other including the point j. We call such a line articulation line. The contribution of all diagrams having no articulation lines will be denoted by liJ· Thus the diagrams for (;.t,:/!. 1 ) will have a form as represented m Fig. 3 . In this way, we are led to 
It is to be noticed that the above dia~ grammatic representation is analogous to the corresponding one for the propagator in quantum statistical mechanics.
) _
One may therefore expect that the function I will play a role similar to proper self-energy part in propagator formalism. Let us here introduce a Fourier transform,
Here ~~~ means a summation over the first Brillouin zone. One may also define K (q) in the same way. 'l'hen Eq. (2 · 5) becomes for i=/j
We now proceed to the discussion of I function. One may in general find a line between some two points in a diagram for I. One can then insert I part in the line and renormalize the interaction K. If we denote this renormalized interaction by 7.'ih it is expressed in terms of diagrams as illustrated in Fig. 4 . Namely, we get
We assume that this equation holds even for the case 1 =cc:J. Then by means of Fourier transforn1, we have
,.
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After these procedures, the function I,.i is calculated according to the previous rules with the following modifications: (a') It has no articulation lines. Each line should have no I part insertion. 
. Since ·vi.i depends on Iu through Eq. (2 ·10), Eq. (2 ·11) is supposed to be an integral equation for Ii.i· In the following discussions, the function I (q) plays a central role in our theory. First of all, we note that the energy E of the system is expressed as (we assume
If we approximate I (q) by I (q) c::::-:_M 2 c::::-:_m 2 = 1, the above equation IS reduced to the result at high density limit_1) \Ve are now in a pos1t10n to discuss the phase transition of the system. From Eq. (2 ·12) it is expected that E has some singular property when the denominator vanishes. If we confine ourselves to a ferromagnetic transition, the zero point of denominator should appear at q = 0. That is, the transition temperature Tc is determined from the equation
If one uses the approximation for I (q) mentioned above, Eq. (2 ·13) yields the result of the molecular field theory.
It is expected that a long-range spatial correlation between spins exists at or near the transition point. This in turn implies that the Fourier component for small q is important to discuss the behavior of the system near the transition point. In accordance with this situation, we write K (q) and I (q) as
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where <jJ (0) =0 and <jJ (q) >O for q/:0 from the assumption of ferromagnetic transition. Since it turns out that the function <jJ (q) is of lower order than q 2 for small q, we will neglect the terms of the order of l. A consideration of these terms will be shown in ~ 5 to yield a negligible correction to our final results.
In this way, we have from Eq. (2 ·10) where (3 ·1)
As we noted in ~ 2, <jJ (q) is expressed as a functional of v (q) in terms of diagrams. In the following, we solve Eq. (3 ·1) by means of dimensional argument and study the q dependence of <jJ (q). We assume that vi 1 has a form
Then the Fourier transform ·v (q) is given by
As a matter of fact, we should have a sum over lattice points in place of mtegral in Eq. (3 · 3). However, since we are interested in the behavior of functions for small q, we may make the replacement mentioned above. Now let us consider, as an example, the q clependence of the second diagram in Fig. 5 . Apart from a numerical factor independent of q, its contribution to rjJ (q) is given by (: 1· 4) If, for simplicity, we consider a simple cubic lattice, the integration by q 1 or q2 is carried out in the region -n<q,?J, q 11 , qz<n. 
(3 ·5)
Therefore, if the p is the same, the contribution of <jJ (q) is more dominant, the smaller the l. Since the points of 2nd order do not appear in diagrams for I(q) by the rule (a') stated previously, it is expected that the diagrams which contain only the points of 4th order are most important. We will call these diagrams M4 diagrams; in these diagrams four lines arrive at each point.
We can now determine the value of m in the following way. We rewrite Eq. In this way, we conclude that the lowest order term of <jJ (q) for small q is of the order of lP. Therefore I (q) may be expressed as 
(4 ·1)
This assumption will be verified at the end of this section. Since 7) (q) depends on r;, I(q) is also a function of r;. To indicate this we will add an argument r; and write I(q,r;) instead of ·I(q). In the following, we are going to study the r; dependence of I ( q, r;) .
As an example, we take again the second diagram in Again M~ diagrams are most important for small r;, and the contribution of all N1 4 diagrams is of the order of r;, (note that l = 2jJ -~-1).
As a result, we conclude that the behavior of J(q, r;) for small q and r; is determined by M4 diagrams. Since they have precisely the same structure as those in PP theory, we can develop the theory along the line of PP. The following discussions are mainly repetitions of PP theory, so that we will briefly give the outline of theory, not going to enter into details.
We introduce a vertex function [] defined in Fig. 6 . Then as seen from If a diagram is irreducible in all directions, it is called absolutely irreducible, and the contribution of all these diagrams is denoted by /1*. Then a simple topological consideration leads to
by an equation of Bethe-Salpeter type, as is seen from Fig. 9 . Namely, we get
) . 
with (4 ·10)
The solution of Eq. ( 4 · 9) was investigated by PP ; they have shown that Dn (q, q 1 ) and !in (q, q \L~o q,q . ,;
. q" }, ( 4 ·13) Let us now establish the \Nard identity in the following way. Suppose we differentiate I (q, r;) by r; with q fixed. From a diagrammatic point of view, this means a cut of 1ine involved in the diagram for I (q, r; (4 ·18) Equation ( 4 ·16) also justifies the assumption mentioned at the beginning of this section.
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Therefore, keeping the most dominant term at r; = 0, we get the equation for specific heat, 1 and can be neglected in the limit r;-->0. ]'his justif1es the neglect of terms q 2 throughout this paper. Let us turn our attention to a discussion of how the parameter a is determined. As was clone by PP, we approximate 0 by a constant in Eq. (4 · 4).
Then the equation for ¢ (q), is
If we restrict ourselves to the case r; = 0, ·v (q) ts g1ven by
Inserting Eq. (5 · 7) m Eq. (5 · 6), we get
Since ¢ (q) = aq:
, a 1s expressed as
• -n.
(5 ·8) ( 
·9)
The vertex function 0 is determined from a condition that the absolutely irreducible vertex part 3* is free from a logarithmic clivergence, as was pointed out by PP. In the diagrammatic. representation for cg* shown in Fig. 11 It is proved that J.v1 4 is negative. In general, if a magnetic field 1s present, Nln (x) is given bll (5 ·12) where x= (3H and Gz is a contribution of all diagrams fixed at an l-th order point. 5 l The cumulant 11ln (x) for free spin is expressed as In this way, Therefore, in It was shown that, as far as the behavior near the transition point IS con-cerned, the system of Ising spins is equivalent to Bose fluid. The method of PP is applied to prove a logarithmic singularity of specific heat at the transition point. It is a remarkable fact that, although the system of Ising spins is of course quite different from Bose fluid in several respects, the same q 3 1 2 dependence is responsible for the occurrence of logarithmic singularities in both cases. This suggests that in various systems of physical interest the specific heat has a similar singularity in the phase transition of the second kind. This is consistent with a conclusion of Yamamoto et al. 8 l who showed that in several instances a logarithmic dependence of specific heat describes very well the experimental results near the transition point.
We may also make the following conjecture. Since the method developed here is rather of a topological nature, it is possible to extend the present theory to other problems. For instance, one may apply the method to the cluster expansion for the pair distribution function in classical fluids. It is then quite conceivable to have a q We were concerned mainly with a three-dimensional problem here. If one applies the present method to a two-dimensional system, one may see that <jJ (q) ocq and the logarithmic singularity of specific heat is also deduced. Since exact solutions are known for the nearest neighbor interactions in this case, it would be an interesting problem to compare the results of present method with exact ones.
\Ve studied in this paper the behavior of the system above the transition point. However, if we extend the method to the case T<Tc, we have to take account of diagrams with points of odd order. ]'his situation corresponds to the appearance of diagrams relevant to condensate component in the system of Bose fluid. We have not yet investigated this problem, but we hope that the PP method is also useful for studying the case below the transition point. In closing we would like to mention a physical implication of the present theory. If we define a Fourier transform g (q) of the pair correlation function At present we do not know which is really true, and it seems to need a further investigation to clarify this point.
